This paper focuses on a new methodology for substitution of Liquid Hydrogen (LH2) contained in cryogenic tank in vibration analysis by using surrogate granular materials. Our analysis is limited to a 3D tank that is supposed to be fully filled with granular grains and tries to establish a modal equivalence between (tank fully filled with LH2) and (tank fully filled with granular grains) systems. For this, we determine required pre-stresses based on a homogenization technique from properties of grains. After reviewing some important mathematical formulations of vibration and homogenization model, an example of modal equivalence between these two systems is presented. Analytical results are also compared with numerical simulations in order to prove the suitability of the new method.
Introduction
Liquid Hydrogen (LH2) is largely used in cryogenic engines for launchers due to its high efficiency [1] . However, utilization of this fuel raises some critical technical problems linked not only to explosiveness and fugacity, but also to our understanding of the dynamic behaviour of the cryogenic tanks. LH2 is indeed too dangerous and expensive to be performed in vibration tests in laboratory [2] . While for other liquid fuels, surrogate liquids such as water are largely used to study the dynamic behavior of the tank, it is however difficult to apply the same strategy for LH2 due to its very low mass density.
A recent work performed by our research group [3] suggested the idea that pre-stressed grain systems as a surrogate material may possibly help to circumvent the aforementioned experimental issue. While outlining a new methodology for this, these preliminary studies provided indeed good analytical results for two-dimensional structural coupling cases, which tend to support the above hypothesis. Nevertheless, the potential applicability of this approach to more engineering cases of three-dimensional cylindrical cryogenic tanks still remained for investigation. That one constitutes the extension targeted by the present article.
Globally, the approach developed here, and which builds on the one used by Chiambaretto et al. [3] , involves two main tasks aimed to define an effective strategy for the substitution of liquid fuel in vibration analysis by using granular materials, as schematized in Fig. 1 . In one of the tasks, the vibration of tank-fluid material (TFM) system is considered as one of a tank-solid material (TSM) system while assuming that a modal equivalence between the vibrations of these two different structural/material systems can be found for some frequency bandwidths. In the second task, a modal equivalence between the vibrations of the TSM system and a tank-granular material (TGM) must be found with the help of a homogenization technique. The latter task requires notably determining the suitable pre-pressure that must be applied to an assembly of granular systems -to be modelled as a homogeneous continuum -that achieves the modal frequencies and mode shapes of a cylindrical tank filled with LH2. Besides, as performed before in [3] , the aforementioned equivalences are stated by means of a simple and efficient methodology. The strategy and the solutions to the different considered dynamics problems that are notably obtained by RayleighRitz method rely on the five following hypotheses:
• H1: Acoustic effects and viscosity are negligible in the fluid domain (LH2). This assumption is notably based both on a Chiambaretto et al.'s estimate of the Helmholtz number [3] that was found to be 10 −2 , and on McCarty's one for the viscosity of LH2 at the storage state [21] that is equal to 120.10 −7 kg/ms.
• H2: Pre-stressed pressure is high enough to prevent relative motions between grains.
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• H3: Granular material can be described as an elastic material with material coefficient depending on pressure.
• H4: Pressure variation during vibration tests is low enough to linearize material coefficients.
• H5: The radial displacements of the mode shape of a free circular beam, of a circular membrane on its free edge and of a beam filled by this circular membrane are the same. The appropriateness of this assumption was checked numerically with COMSOL [3] , the simulations pointing out that the modal shapes of a circular beam, of a membrane on free edge, and the coupled system, are very similar.
To our knowledge, the foregoing aim and methodology seem to be new in the literature on Tank -Granular material' coupling systems, where researches concentrate mainly on the storage and flow of grains in silos; the main goal of the proposed methodology is indeed to achieve modal equivalency (over some frequency bandwidths) between a tankfluid material (TFM) system and a tank-solid material (TGM) one so that this last material system can be used as a surrogate material in vibratory tests for launcher tanks.
This paper contains three main sections. First, the general strategy, the mathematical formulations for the vibration analysis and the homogenization model are introduced in the 1st section. The 2nd section presents the analytical results for the vibration analyses of an empty tank, a tank fully filled with fluid or else with granular materials. Comparisons between analytical and numerical results are also provided to show the potential of the new methodology. Lastly, in the 3rd section, some important conclusions are drawn and proposals are made in order to find an effective strategy for a surrogate granular material in the future.
Mathematical formulations

Methodology for substitution of Liquid Hydrogen in vibration analysis
As already stated, the final purpose of the ongoing project is to find a surrogate granular material to substitute the liquid fuel in vibration tests, the concerned liquid fuel being LH2 in our targeted application case. The surrogate material must satisfy the condition that the most representative mode shapes and eigenfrequencies of tank filled with grains are the same as the ones of tank filled with liquid. For our study, the most representative mode shapes and eigenfrequencies of interest are related to the lowest frequencies of vibration, but the criterion of equivalence may be adjusted to other frequency ranges.
From a mathematical point of view, our criterion of equivalence is said to be fulfilled if we can find a granular material solving the following equation
with -K T , M T : respectively the modal stiffness and the modal mass of the tank. -K G , M G : respectively the modal stiffness, the modal mass of the granular assembly. -M F : modal mass added by the fluid. -Based on this idea, the following scheme is proposed in order to find the required pre -stress value for each vibration mode.
Fig. 1.
Modal equivalence between fluid filled beam and grains filled beam using a homogeneous model for granular material [3] Details in this scheme will be demonstrated by an example in Section 3.
Radial vibrations of empty tanks, tanks filled with LH2, and tanks filled with grains
Vibration of empty tank
Within our dynamic modelling, the cryogenic tank is considered as a thin shell structure. Donnell -Mushtari's thin shell theory is used in all our analyses in order to determine modal shapes and eigenfrequencies of lobed modes. For illustration, Fig. 2 shows a structural instance of circular cylindrical shells with its coordinate system. Here R is the radius of the circular cylindrical shell, h is the thickness, L is the length, θ is the angle with respect to the vertical axis, z is the axis along its length, and finally u, v, and w are the displacements in the z, θ, and r directions, respectively, r is the distance from the middle surface to an arbitrary point on the shell.
According to Leissa [4] , the generalized modal mass and stiffness of such a cylindrical shell can be expressed respectively as kinetic and potential energies:
Three components of displacement field are defined as follows:
Here, i denotes the lobes following the circumference and j denotes the lobes in longitudinal direction. Parameters A, B and C are identified from equations detailed in the Appendix A.
The strain tensor is defined following Donnell-Mushtari's shell theory [4] 
and the stress tensor is determined with the help of Hooke's linear elastic law like
Fluid -structure interaction
In this work, the tank is assumed fully filled so that sloshing effects can be neglected. In 2D case, each slice of tank can be considered as a circular beam. With the presence of a non-compressible fluid, the mode shapes for each mode remain the same as for the beam without fluid; however the frequency decreases due to the inertia added by fluid [5, 17, 18] . This phenomenon can be decreased by an added mass due to the fluid on each mode. In the case of lobed modes, this added mass by unit of length is defined by:
Here,
denotes the amplitude of radial motion which depends on longitudinal position of 2D tank's slice. It should be noted that F z ( ) ij w has already been described in the previous section as the radial displacement of tank.
The added mass by fluid in 3D case can be considered as the integration of 2D slice along its length due to the absence of viscosity
Each eigenfrequency of whole TFM system can be found then according to the following equation
where
F : effective modal mass for the mode ij of the TFM system.
-K ij T : effective modal stiffness for that mode ij.
Interaction between granular solid and tank in the vibration analysis
We now consider the granular assembly as a continuum solid whose important mechanical properties such as Young's modulus, Poisson's ratio and mass density are determined with the help of a homogenization model.
Following the previous research by Chiambaretto et al. [3] , in 2D case, the vibration of homogenized granular material surrounded by a circular beam is considered as in-plane vibration of a membrane. Important mechanical properties of a "granular-membrane" are the Young's modulus, the Poisson's ratio and the mass density denoted respectively as (E , ,
The modal mass and the modal stiffness of the "granular- 
(16)
with U r , U , U r , U are defined in [3] . In 3D, mechanical properties in vibration are supposed to be considered as integration of 2D slice along the length of tank with a sinus function.
The modal mass and modal stiffness of solids inside the tank are determined by:
The 2D-case displacement field is detailed in Appendix B.
In those formulas, the superscripted character « » denotes the differential of the displacements with respect to radial direction of membrane.
Finally, the first frequencies of the TGM system are determined as follows:
G : effective modal mass for the mode ij; of the TGM system
G : effective modal stiffness for that mode ij.
Vibration of tank in flexion mode
To characterize the effective flexural modes of the empty tank as well as the TGM and TFM systems, the flexural modes are modeled as a Timoshenko's beam. Each system is modeled as a clamped -free beam which carries a finite mass at the free end as illustrated on Fig. 3 .
In general, the eigenfrequencies and eigen-mode shapes along the longitudinal direction of the beam are determined from differential equations proposed by Brutch and Mitchell [4] 
and boundary conditions that are specified in Appendix C. These equations involve notably the following material and geometrical constants:
with as the Poisson's ratio. -I: moment of inertia (m 4 ).
-L: length of beam (m).
-Y: deflection of beam's central line -: slope due to bending.
-K: factor depending on shape of cross -section.
The solutions to the differential equations given in Eqs. (24) and (25) are found to be like
with the modal shapes
Here, the following non -dimensional variable is introduced =
The related natural frequencies of beam are found by solving the ensuing equation
R' 4 being also specified in the Appendix (A3).
In the application for the TFM (i.e. tank-fluid) and TGM (i.e. tankgranular) systems, the Eqs. 
In the case of the tank fully filled with fluids, we suppose that the embedded fluid does not contribute to the global stiffness of the TFM system but to the global inertia. Thus, the following mechanical properties are calculated =
Fig . 3 . Clamped -free beam with a mass at the end.
In case of the tank filled with grains, we suppose that the embedded grains contributes to both the global stiffness and inertia of the TGM, what implies the following mechanical properties
Besides, the term KAG in Eq. (22) is substituted by:
with:
K T :shear factor for the section of tank (in form of a hollow circle) [7] = Those formulas will be used in Section 3.3 to characterize the eigenfrequencies that are compared with numerical simulations of the tank filled with different liquids, including LH2, or grains.
Generality on the homogenization model
As we can infer from the mathematical formulations mentioned in Sections 2.2 and 2.3, the eigenfrequencies of TGM system depend on both the overall stiffness (ie. the global Young's modulus and Poisson's ratio) and the mass density of the homogenized granular assembly. Thus, it is important to select a suitable homogenization process that relates the micro-mechanical properties of the grains to the required properties.
In general, a sample of granular materials contains a lot of grains with different sizes, morphologies and stiffnesses. The global behavior of the granular sample depends on the properties and arrangement of these grains in the system. The interaction between two grains of the granular system is defined by contact laws. In the previous works by [3, 8] , the contact law proposed by Hertz and Mindlin [9, 10] was used in a DEM simulation in order to model a laboratory test, whilst, in our modeling, global mechanical properties of the granular system are required. In literature, there are several homogenization approaches in order to estimate the macroscopic elastic mechanical properties of granular assembly. In this paper, we use an approach proposed by Emeriault and Cambou [11] . with n is the total number of grains, V is the volume of granular assembly, Z is the coordination number defined as the average number of contact per particle. This parameter characterizes the local arrangement of grains in the system. Many studies in literature show that there is a relation between the coordination number Z and the void ratio e of a given granular materials [12] . Some empirical models were deduced to relate these two important parameters [13, 14] , In this paper, we attempt to use the model proposed by Field [15] :
-µrepresents the fraction of the deviatoric stress tensor supported by the normal components of contact forces. This parameter may vary from 0 to 1 and is identified by curve-fitting technique with an oedometric test.
Analytical results and comparison with numerical simulations
Modeling the oedometric test for the evolution of Young's modulus and mass density
The TGM coupling needs to specify the effective mechanical properties of granular materials. These properties are identified from an oedometric test. In this section, we attempt to model the oedometric test performed by [3] with the homogenization formulas proposed in Section 2.4. The dimension and mechanical properties of grains related to this test are provided in the Appendix D. By supposing that the Poisson's ratio of homogenized media is equal to 0.275 we found by curve-fitting technique that = µ 0.3. The modeling and experimental results for the behavior of granular materials in terms of axial stress and strain are presented in Fig. 4 .
During the oedometric loading, the mass density of granular material increases, given that the total mass of solid grains is constant and the total volume of whole sample decreases. The Young's modulus of granular media depends not only on grain stiffness but also on mean pressure applied on material; this relation is described with formulas (39)-(41). Thus, during a compression test, Young's modulus of material increases. These evolutions of mass density and Young's modulus in terms of axial stress are illustrated in Fig. 5a and b.
By observing Fig. 5b , we could also deduce that Young' modulus of the whole granular assembly evolves enormously during compression. In detail, this mechanical property increases from 0 to 10 Mpa when the axial stress is increased progressively from 0 to 25 kPa. By contrast, we observe on Fig. 5a that the mass density of material remains almost constant during the oedometric test since this property increases only 0.2% from its initial value (from 351.5 kg/m 3 to 352.5 kg/m 3 ). By virtue of these facts, we can conclude that the eigenfrequency for each mode of vibration of the TGM system increases during the compression. This idea is essential for a new methodology to substitute LH2 in vibration analyses which will be presented in the forthcoming sections.
Analytical results and comparison with numerical simulations for the radial vibrations
This section presents the analytical results and comparison with numerical simulations done with the help of COMSOL for the different couplings, ie. TFM and TGM systems, and for the different lobed-and flexural-modes.
Analytical results of the vibration analysis for the TFM system
In this section, we attempt to find the eigenfrequencies of tank in radial vibration (lobed modes). The considered tank is a polycarbonate cylinder with an external radius of 100 mm, a thickness of 3 mm and 700 mm of length. Polycarbonate was chosen for its transparency allowing an external determination of the packing fraction. Geometry and mechanical properties of tanks are described in Table 1 . The upper bound of tank is covered with an aluminium disk with a thickness of 1 cm, total weight of the disk is 0.8482 kg.
All our forthcoming analyses suppose that the elastic limit of considering granular material is found at 150 kPa. In reality, compression tests need to be realized in order to find this yield.
The tank is assumed to be fully filled with different fluids including LH2.
The analytical results were found and compared with numerical results done with the help of COMSOL [16] . Two finite element method (FEM) models have been realized using 2nd order tetrahedral elements. The first one models the empty tank and the second one models the tank fully filled with fluid system. The tank is clamped at the bottom. Geometry and meshing for TFM are shown in the Fig. 6 .
In the fluid domain the variable used is the pressure. The three equations govern the behaviour and the coupling [5, 17, 18, 19] . .
In the numerical model of the coupling system, the number of degrees of freedom is 137316. The eigenfrequency values of this system are archived by natural frequency analysis in COMSOL. Monolithic method is used to solve the fluid -structure interaction problem. A good agreement between analytical and numerical results was found. It shows the suitability of the analytical tool for the shell theory used and hypothesis for interaction between fluid and structure. The observed difference between analytical and numerical results comes from the shell theory (in this case, it is Donnell-Mushtari's theory), however, more complex theories may give a better agreement between two approaches.
Analytical results of vibration analysis and comparison to numerical simulation for TGM system
By applying the proposed methodology in Section 2.1 and analytical formulations in Sections 2.2 and 2.4, we can determine the required pre -stresses applied to granular assembly in order to substitute LH2 in vibration analysis. The required axial pre-stress for each mode is determined as intersection of the frequency -axial stress curve of the TGM system and the expected frequency of the TFM system. Here are examples for the modes (i, j) = (2, 1), (2, 2) and (2, 3) .
By observing Fig. 7 , we could deduce that we need different values of pre -stress in order to substitute a same fluid (LH2 in this case) for different vibration lobed modes.
Once axial stress is found, Young's modulus and mass density of assembly are easily determined from mechanical characteristic curves presented in Fig. 5 .
The required axial pre-stress and the mechanical properties for TGM system to substitute the LH2 are shown in Table 3 . The analytical results are also compared with numerical results with the help of COMSOL. In FEM simulation, a same model as the one in Section 3.2.1 is built with one difference, the homogenized granular solid is filled in the tank instead of fluids. Both the tank and the granular media are meshed with 2nd order tetrahedral elements using displacements as variables. Only the material properties are different.
The results in Table 3 show the suitability and potential of the proposed methodology for lobed modes. Indeed, we obtain good agreement between the numerical and analytical approaches. More specifically, the numerical results for the TFM and TGM systems agree with the related analytical results. Moreover, by using the Young's modulus (E G ) and mass density ( G ) of homogenized solid from Table 3 , we found the good agreement between TFM and TGM systems for different lobed modes in the numerical simulations.
Analytical results and comparison with numerical simulation for the vibrations in longitudinal direction
As discussed in Section 2.4, Young's modulus of granular media evolves enormously during a compression test, hence, the eigenfrequency is increased for each vibration mode. Based on this idea, a methodology similar to the one mentioned in Section 2.1 was proposed to find the required pre-stress that allows substituting the LH2 in vibration analyses.
By applying this strategy, we found that the testing material is too heavy to be able to substitute the LH2 in such a vibration analysis. For example, the eigenfrequency of a tank filled with LH2 is 58.79 Hz for flexural mode 1, however, the maximal frequency of a tank filled with the grains used to run the in-lab experiment is only 43.5 Hz at 90 kPa (See Fig. 8 ).
This result shows evidence that a lighter material is necessary for flexural modes analysis. In order to analyze and verify the proposed methodology, a "new pseudo-material" with density of 150 kg/m 3 is supposed to take place in the tank. Fig. 9a and b show two other examples for the flexion modes 1 and 2.
As we can observe on Fig. 9 , different values of pre stress needed to be applied on granular materials in order to substitute LH2 for different flexural modes in vibration analysis. For the mode 1, an axial stress of 59,000 Pa is required, however, a smaller value (equal to 23,000 Pa) is necessary for the mode 2.
In Table 4 , analytical and numerical results were compared for the first 4 vibration modes. One observes a good agreement between analytical and numerical results illustrating the suitability of the proposed methodology. It is important to notice that the axial stress applied on granular assembly increases enormously from 0 to 90 kPa, however, Table 2 Comparison between analytical and numerical results for lobed modes (a) of the empty tank and the tank filled with LH2, and (b) the tank filled with other liquids. frequency of the TGM system evolves very slightly. For example, for mode 1, frequency increases 2.6% (from 57.5 Hz to 59 Hz), for mode 2, the frequency increases 1% (from 295 Hz to 298 Hz). This result suggests that, for flexion modes, it is possible to use mechanical properties of one particular mode to study other modes. In other words, this highlights the fact that only one value of pre stress is necessary for vibration analysis. This idea is demonstrated with the following example where the axial stress, Young's modulus and mass density necessary for mode 1 were used to determine the eigenfrequencies of the modes 2, 3 and 4. By comparing analytical results with the COMSOL numerical simulation in Table 5 , we could conclude that only one pre axial stress is required to analyze all flexural vibration modes of cryogenic tank filled with the liquid fuel. This result could explain that, for flexural modes, the mass density of granular assembly contributes a very important role to the global mass of the whole system; on the other hand, the stiffness of grains plays a less important role in the global stiffness of the analyzed system.
We define the contribution of the granular solid system to vibration system in terms of stiffness and mass density as follows:
, , A , T T are respectively Young's modulus, inertia moment, mass density and cross section of tank.
A , G G are respectively Young's modulus, inertia moment, mass density and cross section of homogenized granular solid inside the tank.
Table 3
Comparison between analytical and numerical results for tank filled with granular material for lobed modes. 10a and b show the evolution of the contribution of the granular solid to the global stiffness and mass. As we can observe, during a compression to 90 kPa, the granular assembly contributes only up to 3.5% of the global stiffness; however, its contribution to the global mass density (per unit length) is always around 54%. This explains why in flexural vibration analysis, we should focus on the mass density of the grains rather than their stiffness.
Conclusion and perspectives
In this paper, we investigated the potential applicability of a new methodology in aerospace engineering, which may allow the substitution of Liquid Hydrogen in vibration analyses by surrogate granular materials. In general, the mass density and Young's modulus of granular materials evolve during compression, especially for the latter one. For our purpose, mechanical properties of granular materials were determined in our work by a homogenization process. Then, analyses on the vibrations of an empty tank, a tank filled with LH2 and a tank filled with a granular-based material solid were realized.
For the vibration in the tank radial direction (lobed modes), Donnell-Mushtari's shell theory was used in order to find the eigenfrequencies and mode shapes of the vibrating tank. With the presence of a non -compressible fluid such as LH2, the mode shapes remain the same. However, the eigenfrequency of each vibration mode decreases due to the increase in inertia. The vibrations of the homogenized granular material were modeled as the integration of 2D membrane along its length with a shape function. Based on the enormous evolution of the frequencies of the TGM system, we were able to propose an original methodology to substitute fuel liquid in vibration analysis. In this new method, it is necessary to compute the evolution of the eigenfrequency for each mode during compression and find the required pre axial stress which gives the intersection between frequency -stress curve given by TGM system and the expected frequency given by the TFM system. To summarize, for lobed modes, we need different pre stresses for different modes in order to substitute a fluid in vibration analysis. For the flexural modes, Timoshenko's beam theory was used in order to determine the eigenfrequency of each vibration mode. The same methodology as the previous one was proposed to find the required pre stress to substitute the LH2 in vibration analyses. Contrary to the lobed mode case, we only need one value of pre stress in order to (a) (b) Fig. 9 . Evolution of the eigen frequencies with respect to axial stress -determination of required axial pre-stress for flexural modes, with: (a) Mode 1 and (b) Mode 2.
Table 4
Comparison between analytical and numerical results for flexural modes, using different pre -stresses. Table 5 Comparison between analytical and numerical results for flexural modes -Using one pre-stress. Fig. 8 . Evolution of the eigenfrequency with respect to axial stress for the flexural mode 1, using the testing material. study all flexural modes. This result was obtained due to the important contribution of granular mass density to global modal mass of the whole system. Analytical results were compared to numerical results simulated with the help of COMSOL. Good agreements between two approaches were found and showed the suitability and potential of the proposed methodology. This paper also gives an idea of how to choose a surrogate granular material to substitute LH2 in vibration analysis. Based on results presented in Section 3, a material with low mass density should be chosen in order to achieve the flexural modes because eigenfrequencies of these modes depend mostly on mass density of the surrogate materials. Then, the lobed modes can be found by increasing the pre -stresses applied on granular materials.
In the future, it is important to conduct two types of experiment.
The first one focuses on static compression test in order to determine the elastic limit of one particular granular material. The second one focuses on vibration test with tank filled with granular grains. This experiment is important to show agreement between reality, and the analytical and numerical methods.
Three parameters of Donnell-Mushtari's theory [4] in the Section 2.1.1 are determined from a system of equations mentioned below. By solving these equations, the ratios between the three parameters (A, B, C) can be found from 
